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CONSEQUENCES OF THE EXISTENCE OF AMPLE
GENERICS AND AUTOMORPHISM GROUPS OF
HOMOGENEOUS METRIC STRUCTURES
MACIEJ MALICKI
Abstract. We define a criterion for a homogeneous, complete metric
structure X that implies that the automorphism group Aut(X) satis-
fies all the main consequences of the existence of ample generics: it has
the automatic continuity property, the small index property, and un-
countable cofinality for non-open subgroups. Then we verify it for the
Urysohn space U, the Lebesgue probability measure algebra MALG,
and the Hilbert space ℓ2, thus proving that Iso(U), Aut(MALG), U(ℓ2),
and O(ℓ2) share these properties. We also formulate a condition for
X which implies that every homomorphism of Aut(X) into a separable
group K with a left-invariant, complete metric, is trivial, and we verify
it for U, and ℓ2.
1. Introduction
A Polish (that is, separable and completely metrizable) topological group
G has ample generics if the diagonal action of G on Gn by conjugation
has a comeager orbit for every n ∈ N. This notion was first introduced by
Hodges, Hodkinson, Lascar and Shelah [8] to study the small index property
for automorphism groups of certain countable structures (where a countable
structure M is regarded as a discrete space, and Aut(M) is equipped with
the product topology.) Then Kechris and Rosendal [12] fully character-
ized (locally finite, ultrahomogeneous) countable structures whose automor-
phism groups have ample generics. They also proved that the existence of
ample generics has very strong consequences. Every Polish group G with
ample generics has the automatic continuity property (that is, every homo-
morphism from G into a separable group is continuous), the small index
property (that is, every subgroup H ≤ G with [G : H] < 2ω is open), and
uncountable cofinality for non-open subgroups (that is, there are no count-
able exhaustive chains of non-open subgroups in G.) As a matter of fact,
the automatic continuity property also implies that every isometric action
of G on a separable metric space is continuous, and there is only one Polish
group topology on G.
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There is an extensive list of Polish groups known to have ample generics.
These include the automorphism groups of the following countable struc-
tures: the random graph (Hrushovski [9]), the free group on countably
many generators (Bryant and Evans [4]), arithmetically saturated models
of true arithmetic (Schmerl [20]) or the automorphism group of the ratio-
nal Urysohn space (Solecki [21].) Also, Malicki [14] characterized all Polish
ultrametric spaces whose isometry group contains an open subgroup with
ample generics. Moreover, very recently, the first examples Polish groups
with ample generics that are not isomorphic to the automorphism group of
some countable structure have been found (see [15], and [11].)
On the other hand, many classical and frequently studied Polish groups
do not have ample generics. For instance, it has been proved that the isome-
try group Iso(U) of the Urysohn space U (see [7]), the automorphism group
Aut(MALG) of the Lebesgue measure algebra MALG (see [5]), and the uni-
tary group U(ℓ2) of the Hilbert space ℓ2 (see [7]) have meager conjugacy
classes. However, further investigations revealed that they share some prop-
erties that are consequences of the existence of ample generics: U(ℓ2) has
the automatic continuity property (see [22]) and uncountable cofinality (see
[16]), while Aut(MALG) has the automatic continuity property (see [2]),
and the small index property (see [13].)
Recently, Sabok [19] proposed an approach that sheds new light on these
results. Using model-theoretic methods, he showed that a (complete, homo-
geneous) metric structure X (understood, essentially, as in [3]) that satisfies
some additional assumptions, always contains countable substructures Y
that are elementary submodels of X, and whose automorphism groups have
ample generics. Moreover, Y behave nicely enough to make a connection
between the properties of Aut(Y ), and the properties of Aut(X). This led
him to formulating a criterion for a metric structure X that implies that
Aut(X) has the automatic continuity property. Subsequently, he showed
that U, MALG, and ℓ2 meet this criterion. He also found a condition im-
plying that every homomorphism of U(ℓ2) into a separable group with a
left-invariant, complete metric is trivial (this has been first showed in [22].)
In this paper, we follow Sabok’s approach but we propose a different, and
quite simple criterion (see Definition 1) that implies all the main conse-
quences of the existence of ample generics: the automatic continuity prop-
erty, the small index property, and uncountable cofinality for non-open sub-
groups. We also verify it for U, MALG, and ℓ2, thus proving that the groups
Iso(U), Aut(MALG), and U(ℓ2) satisfy these properties. As a matter of fact,
since all these groups are connected, they also have uncountable cofinality.
We also formulate a new condition for a metric structureX (see Definition
5) implying that every homomorphism of Aut(X) into a separable group
with a left-invariant, complete metric is trivial, and we verify it for U, and
ℓ2.
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2. Basic notions
Groups. Let G be a topological group. We say that G has the automatic
continuity property if every homomorphism Φ : G → K into a separable
group K is continuous. We say that H ≤ G has small index if [G : H] < 2ω.
We say that G has the small index property if every subgroup of G with
small index is open in G. Finally, G has uncountable cofinality (for non-
open subgroups) if there are no countably infinite chains G1 ≤ G2 ≤ . . . ≤ G
of (non-open) subgroups of G such that G =
⋃
kGk.
A subset W ⊆ G is called countably syndetic if there exist gk ∈ G, k ∈ N,
such that G =
⋃
k gkW . We say that G is Steinhaus if there is k > 0 such
that for any symmetric countably syndetic setW ⊆ G, W k contains an open
neighborhood in G.
Metric structures. The following framework has been introduced in [3],
and [19], and in these papers it is discussed much more thoroughly than here.
A metric structure is a tuple (X, d, f1, f2, . . .), where (X, d) is a separable
metric space and f1, f2, . . . are either closed subsets of X
n (relations) for
some n ∈ N, or continuous functions from Xn to X, or to the reals R, for
some n ∈ N. Thus, a metric structure is a two-sorted structure with the
second sort being a subset of the real line R, and d regarded as a function
with arguments in the first sort, and values in the second sort. If (X, d) is
a complete metric space, we say that (X, d, f1, f2, . . .) is a complete metric
structure.
Given a metric structure X we write Aut(X) for the group of all auto-
morphisms of X (i.e. bijections of the first sort of X which preserve both
the metric and each fn.) Aut(X) is always endowed with the topology of
pointwise convergence, so, if X is complete, Aut(X) is a Polish group.
For G = Aut(X), we denote by Ga¯ the pointwise stabilizer of a¯ in G.
Also, for W ⊆ G, W [a¯] = {w(a¯) ∈ Xn : w ∈W}.
Terms and formulas in metric structures are defined as in the first-order
logic, the only differences are that quantification is allowed only over the first
sort, and that elements of the second sort are regarded as constants (e.g.
expressions of the form d(x, y) = r, where r is a real number, are quantifier-
free formulas.) The truth value of a first-order sentence in a metric structure
is also defined as in the classical setting (it is either 0 or 1.) The notions of
a quantifier free type p(x¯), the quantifier free type qftp(a¯) of a tuple a¯ (in
the first sort), and the the quantifier free type qftp(a¯/b¯) of a tuple a¯ over a
tuple b¯ are defined in the standard way.
For an n-tuple a¯ of elements in X, an n-tuple x¯ of variables in the first
sort, and ǫ > 0, we say that a quantifier-free type p(x¯/a¯) is an ǫ-quantifier-
free type over a¯ if qftp(a¯) ⊆ p and d(ai, xi) = di belongs to p(x¯/a¯) for each
i ≤ n and for some 0 ≤ di < ǫ.
Given a metric structure X, a tuple a¯ in X with p = qftp(a¯), and ǫ >
0, say that a subset Y ⊆ p(X) is relatively ǫ-saturated over a¯ if every ǫ-
quantifier-free type over a¯ which is realized in X, is also realized in Y .
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We say that a metric structure X is homogeneous if every partial isomor-
phism between finitely generated substructures of X extends to an automor-
phism of X (such a structure is also called ultrahomogeneous.) Observe that
if X is complete and homogeneous, and p = qftp(a¯) for an n-tuple a¯ in X,
then G[a¯] is a Gδ subset of X
n, that is, it is a Polish space, and G[a¯] = p(X).
The latter obviously follows from the definition of homogeneity. The former
holds because the assumption on closedeness of relations, and continuity of
functions implies that, in X, the set of realizations of every quantifier-free
formula is a Gδ set. Moreover, a tuple realizes p if and only if it satisfies a
countable set of formulas consisting of formulas in p that do not contain a
subformula of the form τ 6= r, where τ is a term, and r ∈ R. This is because
for every formula τ 6= r in p there is s ∈ R such that τ = s is in p as well.
Let X be a metric structure, B,C ⊆ X be finitely generated substruc-
tures. Given a finitely generated substructure A ⊆ B ∩ C say that B and
C are independent over A if for every pair of automorphisms φ : B → B,
ψ : C → C such that A is closed under φ and ψ and φ ↾ A = ψ ↾ A, the
function φ ∪ ψ extends to an automorphism of the substructure generated
by B and C.
A metric structure X has the extension property if for every pair B,C ⊆
X of finitely generated substructures and a finitely generated substructure
A ⊆ B∩C there is a finitely generated substructure C ′ ⊆ X with C ′ which is
elementarily equivalent to C over A, and is such that B, C ′ are independent
over A.
Finally, we say that a metric structure X has locally finite automorphisms
if for every k ∈ N, for any finitely generated substructure Y ofX, and for any
partial automorphisms φ1, . . . , φk of Y , there is a finitely generated structure
Y ′ of X containing Y such that every φi extends to an automorphism of Y
′.
3. Consequences of the existence of ample generics
We associate with every metric structure X with G = Aut(X) a pre-
defined family of relevant tuples, that is, some fixed family R of tuples in X
such that for every tuple a¯ in X there exists b¯ ∈ R such that Gb¯ ≤ Ga¯.
Definition 1. Let X be a metric structure, and let G = Aut(X). A tuple
a¯ in X with p = qftp(a¯) is called ample if the set of all the tuples b¯ ∈ p(X)
such that Gb¯[a¯] is relatively δ-saturated over a¯ for some δ > 0, is comeager
in p(X).
The next lemma is a counterpart of [19, Lemma 6.1], where an analogous
statement is proved for symmetric, countably syndetic sets.
Lemma 2. Let X be a complete, homogeneous metric structure that has lo-
cally finite automorphisms and the extension property, and let G = Aut(X).
(1) For every subgroup W ≤ G with small index there exists a tuple a¯ in
X such that Ga¯ ≤W ,
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(2) for every countable chain of subgroups W1 ≤ W2 ≤ . . . ≤ G such
that G =
⋃
kWk, there exists a tuple a¯ in X, and k ∈ N such that
Ga¯ ≤Wk.
Proof. To prove Point (1), fix a subgroup W ≤ G with small index, and
suppose that the statement of the lemma does not hold for W . Then for
every tuple a¯ in X there exists fa¯ ∈ Ga¯ such that fa¯ 6∈W . By [19, Corollary
4.4], there exists a countable, dense elementary submodel X0 ≺ X which is
closed under fa¯ for tuples a¯ in X0. Since X0 is dense in X, every automor-
phism of X0 can be uniquely extended to an automorphism of X. Thus,
H = Aut(X0) can be regarded as a subgroup of G.
Now V =W∩H has small index inH. By [19, Lemma 5.1], and properties
of groups with ample generics, there exists a tuple b¯ in X0 such that Hb¯ ≤
V ≤ W . But this is a contradiction because X0 is closed under fb¯, that is,
fb¯ ∈ Hb¯ \W . Therefore there exists a tuple a¯ such that Ga¯ ≤W .
In order to prove Point (2), fix a countable chain of subgroups W1 ≤
W2 ≤ . . . ≤ G such that G =
⋃
kWk. To show that there exist a¯, and k ∈ N
such that Ga¯ ≤ Wk, assume the contrary, and for every tuple a¯ and k ∈ N
fix fa¯,k such that fa¯,k ∈ Ga¯, and fa¯,k 6∈ Wk. Then, using [19, Corollary 4.4]
again, fix a countable, dense X0 ≺ X closed under fa¯,k for tuples a¯ in X0
and k ∈ N, and let H = Aut(X0) be regarded as a subgroup of G (formally,
[19, Corollary 4.4] does not allow for the extra index k but its proof, applied
verbatim, shows that it is possible to find such X0.) Then Vk = Wk ∩H is
a chain of subgroups of H such that
⋃
k Vk = H. By [19, Lemma 5.1], there
exists k ∈ N such that either Vk is open in H (in the product topology) or
there exists k such that H = Vk. In any case, there exists a tuple b¯ in X0
such that Hb¯ ≤ Wk ∩ H. As before, this leads to a contradiction, so there
must exist a¯, and k such that Ga¯ ≤Wk. 
Lemma 3. Let X be a homogeneous metric structure, and let G = Aut(X).
Suppose that W ⊆ G is a symmetric set such that there exists a tuple a¯ in
X, and δ > 0 such that Ga¯ ⊆ W , and W [a¯] is relatively δ-saturated over a¯.
Then W 3 contains an open neighborhood in G.
Proof. Fix a¯ and δ as in the statement of the lemma. Let V ⊆ G be an
open set such that d(g(a¯), a¯) < δ for g ∈ V . Fix g ∈ V . Because W [a¯] is
relatively δ-saturated over a¯, there exists a tuple c¯ ∈W [a¯] such that
qftp(c¯/a¯) = qftp(g(a¯)/a¯).
Because X is homogeneous, there exists w1 ∈ Ga¯ ⊆W such that
w1g(a¯) = c¯.
Fix w2 ∈W such that w2(c¯) = a¯. Then
w2w1g(a¯) = a¯,
that is,
g ∈ w−11 w
−1
2 Ga¯ ⊆W
3.
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As g ∈ V was arbitrary, we have that V ⊆W 3. 
Theorem 4. Let X be a complete, homogeneous metric structure that has lo-
cally finite automorphisms and the extension property, and let G = Aut(X).
If every relevant tuple in X is ample, then
(1) G the small index property,
(2) G has the automatic continuity property,
(3) G has uncountable cofinality for non-open subgroups.
Proof. We prove Point (1). Fix a subgroup W ≤ G with small index. By
Lemma 2, there exists an ample relevant tuple a¯ in X, with p = qftp(a¯),
such that Ga¯ ⊆ W . As W is non-meager in G (see remarks on page 5
of [1]), and p(X) is a Polish space, the Effros theorem (see [6, Theorem
3.2.4]) implies that W [a¯] is non-meager in p(X). Since a¯ is ample, there
exists w ∈W , and δ > 0 such that Gw(a¯)[a¯] is relatively δ-saturated over a¯.
But wGa¯w
−1 = Gw(a¯), so Gw(a¯) ≤ W . By Lemma 3, W contains an open
neighbourhood in G, that is, W is open in G.
In order to prove Point (2), fix a symmetric, and countably syndetic
W ⊆ G. Since W is non-meager in G, arguing exactly as above, we can
show that W 36 contains an open neighbourhood in G. As W was arbitrary,
G is Steinhaus, and so it has the automatic continuity property (see [18,
Proposition 2].)
Point (3) can be proved in the same way because for every chain W0 ≤
W1 ≤ . . . ≤ G such that
⋃
kWk = G, almost all Wk are non-meager in
G. 
4. Triviality of homomorphisms
We denote by S∞ the infinite symmetric group with the product topology.
Definition 5. Let X be a homogeneous metric structure, and let G =
Aut(X). A tuple a¯ in X, with p = qftp(a¯), is called homogeneously isolated
if there exist Xk ⊆ X, a¯k ∈ p(X), k ∈ N, such that for every k
(1) Xk is a homogeneous substructure of X,
(2) for all φl ∈ Aut(Xl), l ∈ N, there exists φ ∈ Aut(X) that extends
each φl,
(3) there exists a homomorphic embedding e : S∞ → G such that for
every σ ∈ S∞ and k, l ∈ N
σ(k) = l⇔ e(σ)[Xk] = Xl.
Theorem 6. Let X be a complete, homogeneous metric structure that has lo-
cally finite automorphisms and the extension property, and let G = Aut(X).
If every tuple a¯ in X is homogeneously isolated, then every homomorphism
Φ : G → K, where K is a separable group with a left-invariant, complete
metric, is trivial.
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Proof. Let Φ : G → K be a homomorphism into a separable group K with
a left-invariant, complete metric. Fix a symmetric neighborhood of the
identity U in K. Fix a symmetric neighborhood V such that V 12 ⊆ U . Let
W = Φ−1(V ). Then W is symmetric and countably syndetic in G so, by
[19, Lemma 6.1], there exists a tuple a¯ in X, with q = qftp(a¯), such that
Ga¯ ⊆ W
10. Fix g ∈ G, and Xk, α¯k, k ∈ N, witnessing that (a¯, g(a¯)) with
p = qftp((a¯, g(a¯))) is homogeneously isolated.
Without loss of generality we can assume that the embedding e from
Condition (3) is the identity. Fix f ∈ G such that f(a¯, g(a¯)) is a tuple in
X1 (this is possible because α¯1 ∈ p(X1), and X is homogeneous), and fix
σk ∈ S∞, k ∈ N, such that fk(a¯, g(a¯)) ∈ Xk for fk = σkf .
Claim: There exists k ∈ N such that fkW
2f−1k is full on q(Xk).
To show the claim, recall that S∞ has a unique non-trivial separable group
topology (see [12, Theorem 1.11].) Also, it is well known that S∞ has no
non-trivial closed normal subgroups. As S∞ has ample generics (see [12]),
and thus Φ restricted to S∞ is continuous, Φ[S∞] is either trivial or it is an
isomorphic copy of S∞ in K. But K has a left-invariant, complete metric,
while it is well known that S∞ does not admit such a metric. Therefore
Φ[S∞] must be the trivial subgroup of K.
Now we prove that there exist bk ∈ G, k ∈ N, such that G =
⋃
k bkWf
−1
k .
Actually, it is easy to see that it suffices to find ak ∈ K, k ∈ N, such that
K =
⋃
k akV Φ(f
−1
k ). But
Φ(f−1k ) = Φ(f
−1σ−1k ) = Φ(f
−1)Φ(σ−1k ) = Φ(f
−1)
for every k, so we can find such ak because V is open, and K is separable.
Observe that there exists k ∈ N such that bkWf
−1
k is full on q(Xk). If
not, then for each k there is φk ∈ Aut(Xk) such that φk 6= g ↾ Xk for every
g ∈ bkWf
−1
k . Fix an automorphism φ ∈ Aut(X) such that φ ↾ Xk = φk for
k ∈ N. Then φ 6∈
⋃
k bkWf
−1
k , which is a contradiction. Now, if bkWf
−1
k
is full on q(Xk), then so is fkW
2f−1k = (bkWf
−1
k )
−1(bkWf
−1
k ) as for every
tuple in q(Xk) the set bkWkf
−1
k contains an element that acts trivially on
it. This finishes the proof of the claim.
Fix k such that fkW
2f−1k is full on q(Xk). Fix w ∈W
2 such that
fkwf
−1
k fkg(a¯) = fk(a¯),
that is,
fkwgf
−1
k (a¯) ∈ Gfk(a¯),
and
wg ∈ Ga¯.
Finally,
g ∈ w−1Ga¯ ≤W
12,
and
Φ(g) ∈ V 12 ⊆ U.
Since U and g were arbitrary, this shows that Φ is trivial 
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5. The Urysohn space
For every Polish metric space X there exists a universal and homogeneous
Polish metric space U(X) such that every isometry of X uniquely extends
to an isometry of U(X) (see [10].) As a matter of fact, there exists only
one, up to isometry, universal and homogeneous Polish metric space, and it
is called the Urysohn space. We denote it by U, its metric by d, and view
U as a metric structure (U, d).
It is well known that U has the following property which we call here the
universal extension property : for every finite metric space B, and A ⊆ B,
every embedding e : A→ U can be extended to an embedding of B into U.
In the Urysohn space, tuples of pairwise distinct points are relevant.
Lemma 7. Every tuple in U consisting of distinct elements is ample.
Proof. In order to simplify notation, we will identify ordered tuples of dis-
tinct elements with unordered (but indexed) tuples, that is, sets. Fix
an n-tuple a¯ = {a1, . . . , an} in U consisting of distinct elements, and let
p = qftp(a¯). Let T be the set of all the tuples b¯ ∈ p(U) that are disjoint
from a¯. We show that T witnesses that a¯ is ample.
Clearly, T is open and dense, and so comeager. Fix b¯ = {b1, . . . , bn} ∈ T ,
and δ > 0 such that d(ai, bj) > 4δ, for all i, j ≤ n, and d(ai, aj) > 4δ for
all i 6= j. Let (X,ϑ) be a metric space defined as follows. First of all, find
W i ⊆ U with ai ∈W i, i ≤ n, that are isometric to the sphere in U of radius
δ centered at ai, respectively. This can be easily done in the following way.
Put V i to be the sphere in U of radius δ centered at ai, i ≤ n, fix an n-
tuple c¯ = {c1, . . . , cn} disjoint from a¯, and define a metric ϑ0 on a¯∪ c¯ so that
ϑ0 agrees with d on a¯, ϑ0(a
i, ci) = δ, and ϑ0(c
i, aj) = ϑ0(c
i, cj) = d(ai, aj)
for i, j ≤ n with i 6= j. By the universal extension property, the identity
embedding of a¯ into U can be extended to (a¯∪ c¯, ϑ0), so we can assume that
actually ci ∈ V i. Using homogeneity of U, find an isometry φ0 of U such
that φ0(c
i) = ai, and put W i = φ0[V
i], i ≤ n.
Now put W = W 1 ∪ . . . ∪W n, X = W ∪ {b1, . . . , bn}, and let ϑ1 be a
metric on X such that, when restricted to W or {b1, . . . , bn}, it agrees with
d, and is given by
ϑ1(w, b
j) = d(ai, bj)
for every i, j ≤ n and w ∈W i.
We can assume that U = U(X). Put G = Aut(U(X)). Obviously,
each W i is the sphere in U of radius δ centered at φ0(a
i). Fix an n-tuple
c¯ = {c1, . . . , cn} ∈ p(U) such that d(ci, ai) < δ, i ≤ n, and fix a tuple
e¯ = {e1, . . . , en} that is disjoint from X ∪ c¯. Let ϑ2 to be a metric on
a¯∪φ0(a¯)∪e¯ that agrees with d on a¯∪φ0(a¯), and satisfies ϑ2(e
i, ej) = d(ci, cj),
ϑ2(e
i, aj) = d(ci, aj), and ϑ2(e
i, φ0(a
j)) = d(ai, φ0(a
j)), i, j ≤ n. By the
universal extension property, we can assume that actually ei ∈ W i, i ≤ n.
Moreover, it is easy to verify that there exists φ1 ∈ Gb¯ such that φ1(a¯) = e¯.
As c¯ was arbitrary, this shows that Gb¯[a¯] is relatively δ-saturated over a¯. 
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Theorem 8. The group Iso(U) has the automatic continuity property, the
small index property, and uncountable cofinality.
Proof. The Urysohn space has locally finite automorphisms and the exten-
sion property (see [21] and Lemma 8.9 in [19].) Therefore, by Theorem 4,
and Lemma 7, we get that Iso(U) has the automatic continuity property,
the small index property, and uncountable cofinality for non-open subgroups.
But Iso(U) is known to be connected, so it does not contain any non-trivial
open subgroups. Thus, Iso(U) has uncountable cofinality as well. 
Theorem 9. Every tuple in U is homogeneously isolated. In particular,
every homomorphism Φ : Iso(U) → K into a separable topological group K
with a left-invariant, complete metric is trivial.
Proof. Let a¯ be a tuple in U. Fix x ∈ U, and define
r = max{d(ai, aj) : i, j ≤ n}, W = {y ∈ U : d(x, y) = r}.
Let Xk, k ∈ N, be pairwise disjoint copies of W , and define a metric ρ on
X =
⋃
kXk by putting
ρ(x, y) = 2r
for x ∈ Xk, y ∈ Xl with k 6= l. We can assume that U = U(X). Clearly,
for all φk ∈ Aut(Xk), we have that
⋃
k φk ∈ Aut(X), so there exists a
unique φ ∈ Aut(U) that extends each φk. The remaining conditions for
homogeneous isolatedeness are obviously satisfied by Xk, k ∈ N. 
6. The measure algebra
Let (X,B, µ) be the standard probability measure space. Let MALG be
the measure algebra of sets in B modulo null sets (even though, formally,
elements of MALG are classes of sets, we will refer to them as sets). Then
MALG can be endowed with a metric defined by
ρ(A,B) = µ(A△B),
and we treat it as a metric structure together with this metric, the operation
of symmetric difference ∆, and the empty set ∅ as a constant.
It is well known that Aut(MALG) is isomorphic to the group Aut(X,µ)
of all measure preserving transformations of X with the weak topology.
In the measure algebra, tuples that are finite partitions of X into positive
measure sets are relevant. In [19], the following lemma has been proved
(Lemma 9.5):
Lemma 10. Let a¯ = (A1, . . . , An) be a partition of X into positive measure
sets, and let p = qftp(a¯). Suppose C1, . . . , Cn are such that Ci ⊆ Ai for
each i ≤ n, and µ(C1) = . . . = µ(Cn) > 0. Let
M = {(B1, . . . , Bn) ∈ p(MALG) : ∀ i 6= j ≤ n Bi∩Aj ⊆ Cj ∧Ai\Bi ⊆ Ci}.
Then M is relatively 2µ(C1)-saturated over a¯.
Lemma 11. Every finite partition of X into positive measure sets is ample.
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Proof. Fix a partition a¯ = (A1, . . . , An) of X into positive measure sets, and
let p = qftp(a¯). Let T be the set of all the tuples b¯ ∈ p(MALG) such that
some element of b¯ has a non-trivial intersection with every Ai. We show
that T witnesses that a¯ is ample.
Clearly, T is open and dense, and so comeager. Fix b¯ = (B1, . . . , Bn) ∈
T , and i0 ≤ n such that B
i0 has a non-trivial intersection with every Ai.
Clearly, we can find W ⊆ Bi0 such that
0 < µ(W ∩A1) = µ(W ∩Ai)
for every i ≤ n. Put G = Aut(MALG). It is easy to see that M ⊆ Gb¯[a¯],
whereM is defined as in Lemma 10 for a¯, and Ci =W ∩Ai, i ≤ n. Therefore
Gb¯[a¯] is relatively 2µ(W ∩A
1)-saturated over a¯. 
Theorem 12. The group Aut(X,µ) has the automatic continuity property,
the small index property, and uncountable cofinality.
Proof. The measure algebra has locally finite automorphisms and the ex-
tension property (see Lemma 9.1 and Lemma 9.2 in [19]). Therefore, by
Lemma 11, and Theorem 4, we get that Aut(X,µ) has the automatic con-
tinuity property, the small index property, and uncountable cofinality for
non-open subgroups. But Aut(X,µ) is known to be connected, so it does
not contain any non-trivial open subgroups. Thus, Aut(X,µ) has uncount-
able cofinality as well. 
7. The Hilbert space
The orthogonal group O(ℓ2) is the group of all linear transformations
of the real Hilbert space that preserve the inner product. Here, the real
Hilbert space is treated as the metric structure H with ℓ2 as the universe of
the first sort, and the second sort being the real line with the field structure
(including the inverse function defined on non-zero elements by x 7→ x−1,
and mapping 0 to 0, as well as the function x 7→ −x) and constants for the
rationals. We also add to the language the constant 0 for the zero vector,
the addition +, the inner product function 〈·, ·〉 : ℓ2 × ℓ2 → R, and the
multiplication by scalars function · : R × ℓ2 → ℓ2 (i.e. (a, v) 7→ a · v).
Clearly, Aut(H) is isomorphic to O(ℓ2).
The complex Hilbert space is defined as a metric structure analogously
to the real Hilbert space. Then Aut(H) is isomorphic to the unitary group
U(ℓ2).
In the Hillbert space, real or complex, orthonormal tuples are relevant.
In the next lemma, we consider only the real Hilbert space but the proof is
exactly the same for the complex Hilbert space.
Lemma 13. Every orthonormal tuple in H is ample.
Proof. Fix an orthonormal tuple a¯ = (a1, . . . , an) in H, and let p = qftp(a¯).
Let T be the set of all the tuples b¯ ∈ p(H) such that span(a¯, b¯) has dimension
2n. We show that T witnesses that a¯ is ample.
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Clearly, T is open and dense, and so comeager. Fix b¯ ∈ T . It is easy to
construct an orthonormal set
C = C1∪˙ . . . ∪˙Cn
in (span(b¯))⊥ such that each Ci has size n, the projections πc(a
i) of ai on
c are trivial for every i, j ≤ n with i 6= j, c ∈ Cj , and the projection
πc(a
i) is non-trivial for every c ∈ Ci. The crucial observation here is that,
for each i, if A is a finitely dimensional subspace of H such that ai 6∈ A,
then A⊥ 6⊆ (span(ai))⊥, and there exists a ∈ A⊥ \ (span(ai))⊥ such that
ai 6∈ span(A, a).
Also, we fix an orthonormal set
D = D1∪˙ . . . ∪˙Dn
in (span(a¯, b¯, C))⊥ such that each Di has size n.
Now, using C and D, we will find δ > 0 such that Gb¯[a¯] is δ-relatively
saturated over a¯. Let Ci = {ci,j}j≤n, Di = {di,j}j≤n, i ≤ n, and let
δ = (min{
∥
∥πci,j (a
i)
∥
∥ : i, j ≤ n})2.
Observe that each ai can be independently rotated in each of the planes
span(ci,j , di,j), j ≤ n, using elements of Gb¯, to modify the values of coordi-
nates ci,j between 0 and δ, while keeping the resulting tuple orthonormal.
As πdi,j (a
i) is trivial for all i, j ≤ n, and πci′,j (a
i) is trivial if i 6= i′, this
means that for all 0 ≤ δi,j < δ, i, j ≤ n, there exists (c
1, . . . , cn) ∈ Gb¯[a¯]
such that
〈ai, cj〉 = 1− δi,j.
for i, j ≤ n. Thus, Gb¯[a¯] is δ-relatively saturated over a¯. 
Theorem 14. The groups O(ℓ2) and U(ℓ2) have the automatic continuity
property, the small index property, and uncountable cofinality.
Proof. The Hilbert space has locally finite automorphisms and the exten-
sion property (see Lemma 10.12 and Corollary 10.4 in [19]). Therefore, by
Lemma 13, and Theorem 4, we get that O(ℓ2) and U(ℓ2) have the automatic
continuity property, the small index property, and uncountable cofinality for
non-open subgroups. But O(ℓ2) and U(ℓ2) are known to be connected, so
they do not contain any non-trivial open subgroups. Thus, O(ℓ2) and U(ℓ2)
have uncountable cofinality as well. 
It has been proved in [22], and later in [19] (see Theorem 7.3 and Lemma
10.14) that every homomorphism Φ : O(ℓ2) → K or Φ : U(ℓ2) → K into
a separable topological group K with a left-invariant, complete metric is
trivial. We provide an alternative, very short proof of this result.
Theorem 15. Every tuple in the Hilbert space is homogeneously isolated.
In particular, every homomorphism Φ : O(ℓ2) → K or Φ : U(ℓ2) → K
into a separable topological group K with a left-invariant, complete metric
is trivial.
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Proof. Let Xk ⊆ H, k ∈ N, be pairwise orthogonal copies of the Hilbert
space. It is straightforward to check that Xk, k ∈ N, witness that every
tuple in H is homogeneously isolated. 
References
[1] H. Becker, A. Kechris, The Descriptive Set Theory of Polish Group Actions, Cam-
bridge University Press, 1996.
[2] I. Ben Yaacov; A. Berenstein; J. Melleray, Polish topometric groups, Trans. Amer.
Math. Soc. 365 (2013) 3877–3897.
[3] I. Ben Yaacov, A. Berenstein, W. Henson, A. Usvyatsov, Model theory for metric
structures, in Model theory with applications to algebra and analysis. Vol. 2, volume
350 of London Math. Soc. Lecture Note Ser., pages 315–427. Cambridge Univ. Press,
Cambridge, 2008.
[4] R.M. Bryant, D. M. Evans, The small index property for free groups and relatively
free groups, J. London Math. Soc. 55 (1997) 363–369.
[5] A. del Junco, Disjointness of measure-preserving transformations, minimal selfjoin-
ings and category, in Ergodic theory and dynamical systems, I (College Park, Md.).
[6] Gao, S., Invariant Descriptive Set Theory, Chapman and Hall 2008. 1979-80), vol.
10 of Prog. Math., pages 81–89. Birkhauser Boston, Mass., 1981.
[7] E. Glasner, B. Weiss, Topological groups with Rokhlin properties, Colloq. Math. 110
(2008), 51–80.
[8] W. Hodges, I. Hodkinson, D. Lascar, D. Shelah, The small index property for ω-
stable ω-categorical structures and for the random graph, J. London Math. Soc. 48
(1993) 204–218.
[9] E. Hrushovski, Extending partial isomorphisms of graphs, Combinatorica 12 (1992)
411–416.
[10] M. Kateˇtov, On universal metric spaces, Gen. Topology and its Relations to Modern
Analysis and Algebra VI, Proc. Sixth Prague Topol. Symp. 1986, Z. Frol´ık (Ed.),
Heldermann Verlag, 1988, 323–330.
[11] A. Ka¨ıchouh, F. Le Maˆıtre, Connected Polish groups with ample generics,
arXiv:1503.04298.
[12] A.Kechris, C. Rosendal, Turbulence, amalgamation, and generic automorphisms of
homogeneous structures, Proc. Lond. Math. Soc. (3) 94 (2007), no. 2, 302–350.
[13] M. Malicki, The automorphism group of the Lebesgue measure has no non-trivial
subgroups of index < 2ω, Colloq. Math. 133 (2013), 169–174.
[14] M. Malicki, Generic elements in isometry groups of Polish ultrametric spaces, Israel
J. Math 206 (2015), pp 127–153.
[15] M. Malicki, An example of a non non-archimedean Polish group with ample generics,
to appear in Proc. Amer. Math. Soc.
[16] E. Ricard, C. Rosendal, On the algebraic structure of the unitary group, Collect.
Math. 58 (2007), 181–192.
[17] C. Rosendal, A topological version of the Bergman property, Forum Math. 21 (2009),
299–332.
[18] C. Rosendal, S. Solecki. Automatic continuity of homomorphisms and fixed points
on metric compacta, Israel J. Math., 162 (2007) 349–371.
[19] M. Sabok, Automatic contnuity for isometry groups, preprint, arXiv:1312.5141v2
[20] J. H. Schmerl, Generic automorphisms and graph coloring, Discrete Math. 291
(2005) 235–242.
[21] S. Solecki, Extending partial isometries, Israel J. Math. 150 (2005), 315–331.
[22] T. Tsankov, Automatic continuity for the unitary group, Proc. Amer. Math. Soc.
141 (2013) 3673–3680.
HOMOGENEOUS METRIC STRUCTURES 13
Department of Mathematics and Mathematical Economics, Warsaw School
of Economics, al. Niepodleglosci 162, 02-554,Warsaw, Poland
E-mail address: mamalicki@gmail.com
